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Abstract. In the present paper, as we did previously in [7], we investigate 
the relations between the geometric properties of tilings and the algebraic 
properties of associated relational structures. Our study is motivated by 
the existence of aperiodic tiling systems. In [7], we considered tilings of the 
euclidean spaces M'^, and isomorphism was defined up to translation. Here, 
we consider, more generally, tilings of a metric space, and isomorphism is 
defined modulo an arbitrary group of isometries. 

In Section 1, we define the relational structures associated to tilings. The 
results of Section 2 concern local isomorphism, the extraction preorder and the 
characterization of relational structures which can be represented by tilings 
of some given type. 

In Section 3, we show that the notions of periodicity and invariance 
through a translation, defined for tilings of the euclidean spaces M'^, can 
be generalized, with appropriate hypotheses, to relational structures, and in 
particular to tilings of noneuclidean spaces. 

The results of Section 4 are valid for uniformly locally finite relational 
structures, and in particular tilings, which satisfy the local isomorphism prop- 
erty. We characterize among such structures those which are locally isomor- 
phic to structures without nontrivial automorphism. We show that, in an 
euclidean space M'^, this property is true for a tiling which satisfies the local 
isomorphism property if and only if it is not invariant through a nontrivial 
translation. We illustrate these results with examples, some of them concern- 
ing aperiodic tiling systems of euclidean or noneuclidean spaces. 
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In Section 1, we consider finite systems consisting of prototiles in a metric 
space E and local rules for assembling tiles which are equivalent to the pro- 
totiles modulo a group G of isometries of E. With appropriate hypotheses, 
we associate to each such system A a finite relational language £a such that 
any A-tiling can be interpreted as a £A-structure. 

In [7], we did the same thing in a particular case: E was an euclidean 
space and G consisted of the translations of E. In that case, Ca can be 
defined by considering all the possible configurations of two adjacent tiles. In 
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the present situation, we have to consider the possible configurations for the 
patch consisting of all tiles within some given "distance" of one of them; that 
"distance" is depending on E, G and A. 

In the following sections, we prove various properties of A-tilings, some 
of them classical and others new, concerning local isomorphism, invariance 
through a translation... Classically, such results are shown by considering 
the geometrical and topological properties of the space and the tilings. The 
proofs given here are obtained by considering the algebraic properties of the 
associated £A-structures. In that way, we prove the results for larger classes 
of tilings, and we show similar properties for relational structures which are 
not represented by tihngs (see Section 4, Example 4). 

It is also natural to wonder, for a given system A, which £A-structures can 
be represented by A-tilings. Characterizations of such structures are given in 
Section 2. 

1. Tilings and associated relational structures. 

In [7], we considered relational structures associated to tilings of the eu- 
clidcan spaces M'^. The isomorphism of tiles, patches, tilings... was defined 
up to translation. 

Actually, much more various situations have been investigated. For in- 
stance, the isomorphism of tiles, patches, tilings... can be defined modulo a 
group of isometrics of R'^ which contains symmetries and/or rotations. Also, 
tilings of noneuclidean spaces and tilings with partially overlapping tiles are 
considered. 

The following facts appear to be common to all cases: 

- any tiling is a covering of a metric space {E, 6) by tiles which are obtained 
from a finite set of closed bounded prototiles by applying isometrics belonging 
to some specified group; 

- up to isometrics in the group, only finitely many configurations of some 
given size can appear in a tiling; 

- the work of a tiler can be described as follows: first he puts a small cluster of 
tiles somewhere in the space, then he gradually increases the patch by adding 
new tiles; at each step, he applies the same finite set of local rules, which only 
leave finitely many possibilities for adding new tiles. 

In order to formalize these facts, we introduce some definitions and nota- 
tions. We consider a metric space {E, 6) and a group G of bijective isometrics 
of E. We do not suppose that {E, 5) is homogeneous, or that local isometrics 
of E can be extended to global ones. 

We call a tile any closed bounded subset T of E. We do not suppose 
T connected or T equal to the closure of its interior. For any tiles T, T' 
(resp. any sets of tiles S,S'), we say that T and T' (resp. S and S') are 
isomorphic if there exists a e G such that Ta — T' (resp. £a — £'). We 



2 



define isomorphism in the same way for the pairs {S, T) and the pairs {E, T) 
with T tiles and 8 a set of tiles. 

Remcirk. Sometimes, tiles with drawings are also considered. A drawing is a 
map from a tile T to a finite set Q, whose elements are called colours. In that 
case, the homomorphisms that we consider must respect colours; moreover, 
in the definitions of configuration, tiling and patch given below, any point 
in the intersection of two tiles must have the same colour in each of them. 
The results of the present paper are proved in the same way for tiles with 
drawings. 

For each set £ of tiles and each T e we define inductively the subsets 
BiiT) with B^{T) = {T} and, for each neN, 

^{U eS\ there exists V e Bf^{T) such that UnVy^$}. 
For any tiles T, T' and any sets of tiles £, we write (S, T) < {£' , T') if there 
exists a E G such that Sa C S' and Ta = T' . 

We call a tiling any covering £ of by possibly overlapping tiles such 
that, for each r e N*: 

1) for each T e Bf{T) is finite and Bf_i{T) is contained in the interior of 
the union of the tiles of Bf{T); 

2) for any S,Te£, if (5), 5) < (T),T), then (BfiS), S) = (T),T); 

3) the pairs {B^{T),T) for T e £ fall in finitely many isomorphism classes. 
If 1) is true for r — 1, then it is true for each r e N*. If 1) is true and if 

2) is true for r — 1, then, for any S,T e each a e G such that Bf{S)a C 
Bf{T) and Sa = T is an isomorphism from {Bf{S),S) to (Sf(T),T). By 
induction, it follows that, for each r G N* and any S,T G S, each a E G 
such that Bf.{S)a C B^{T) and Sa = T is an isomorphism from 
to (Bf(T),T). Consequently, 2) is true for each r G N*. We note that 2) is 
necessarily true if 1) is true and if the tiles of £ are equal to the closure of 
their interior and nonoverlapping. 

It is natural to wonder whether 3) is also true for each r G N* if it is true for 
r — 1. If (£", 5) is an euclidean space M'^ and if G consists of the translations 
of R'^, then any pair (5*, T) G £ x £ is completely determined by S and the 
isomorphism class of {S,T). Consequently, if the pairs {S,T) E £ x S with 
5* n T 7^ fall in finitely many isomorphism classes, then, for each n G N*, 
the pairs {B^{T),T) for T E S fall in finitely many isomorphism classes. The 
following example shows that the situation is different if G consists of the 
isometrics of M'^: 

Example 1. Let {E,d) be the euclidean space and let G consist of the 
isometrics of {E,6). Consider the coverings of by nonoverlapping tiles 
isomorphic to the following prototiles: 
To = {(x, ?/) G I X > and + y2 < i}^ 
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Tfc = {{x, y) eR^ \ P <x^ + < {k + if} for 1 < A: < 2n + 1, 
T2n+2 = {{x, y) eR^ \x^ + y^> (2n + 2f and sup(|,T| ,\y\) <2n + 3}, 
with any two copies of T2„+2 having one edge in common if they have more 
than one common point. 

Each such covering consists of squares with sides of length 4n + 6, each of 
them covered by two copies of Tq and one copy of each of the tiles Ti, T2„_|_2. 
Moreover, in each square, the two copies of Tq can be rotated together arbi- 
trarily. Consequently, in such a covering S, the pairs {B^_^_i(T) , T) foi T E £ 
do not generally fall in finitely many isomorphism classes, contrary to the 
pairs (Sf(T),r). 

Now, we can ask the following question: Suppose that we specify a finite 
set of isomorphism classes for the pairs (i3f(T),T) which can appear in a 
covering E oi E which satisfies 1) and 2). Is there an integer m such that, 
if the pairs {B^{T),T) ior T e £ fall in finitely many isomorphism classes, 
then, for each n e N*, the pairs (Bf(T),T) for T e £^ fall in finitely many 
isomorphism classes. 

Example 2 below shows that this property does not necessarily hold. On 
the other hand, we are going to prove (see Proposition 1.10) that some natural 
conditions on {E,S) and G, satisfied by the euclidean spaces R*^, and on the 
pairs (Bf (T), T) for T e S, are enough to make it true. 

Example 2. Let E = {{x,y,z) e \ x^ + y^ = 1} be the surface of 
a cyhnder of infinite length. Define the distance 5 by considering £■ as a 
quotient of the euclidean space M^. Let G consist of the isometrics of E. Write 
Ti = {{x,y, z) e E \ X > and < z < 1} and T2 = {ix,y, z) e E \ < z < 
1}. For each n G N*, consider the coverings £^ of ii^ by nonover lapping tiles 
obtained as follows: for each a e {{x,y, z) e E \ a < z < a + 1} is covered 
by two tiles isomorphic to Ti if a e {2n + 2)Z and by one tile isomorphic to 
T2 otherwise. For each a G (2n + 2)Z, the two tiles covering {{x,y,z) G E \ 
a < z < a + 1} can be rotated together arbitrarily. Consequently, in such a 
covering S, the pairs {B^_^i{T),T) for T G f do not generally fall in finitely 
many isomorphism classes, contrary to the pairs (i3^(T),T). Moreover, the 
pairs (Bf (T), T) for all possible choices of E and T fall in three isomorphism 
classes. 

Now we state the definitions, the notations and the hypotheses which 
are necessary for our results. For each x e E and each rj G M>o, we write 
P{x,rj) = {y & E \ S{x,y) < 1]}. For each nonempty bounded S <Z E, 
we consider the radius Rad(S') = inirc-^Ei^^Vy^s ^i^yV)) diameter 
Diam(S') = sup^ d{x,y); we have Diam(S') < 2.Rad(S'). 

From now on, we suppose that E is connected and that /3{x, rj) is compact 
for each x e E and each rj G M>o. Then each bounded closed subset (i.e. tile) 
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of E is compact. 

For each x E E and each € ^>o, we define inductively /3{x,^,n) with 
/3{x,^,0) = {x} and, for each n eN, P{x,^,n+ 1) = Uye/j(:r,^,„)/3(y, ^). We 
have Llnm(3{x, ^,n) = E since E is connected and UnmP{x, ^, n) is both open 
and closed. For each n e N, we write uj{x,^,ri) — supjr/ G M>o | l3{x,ri) C 

Now we show that uj{x,^,n) tends to infinity with n. Otherwise, there 
exists 1] G ]R>o such that (3{x,ri) ^ /3{x,^,n) for each n G N. It follows that 
/3{x,ri) contains a sequence (|/n)neN with yn ^ {,n) for each n G N. As 
(3{x,r}) is compact, there exists a subsequence {zn)nm which converges to a 
point z G /3{x,'r)). For n large enough, we have S{z,Zn) < ^, which implies 
that z ^ /3{x, ^, n — 1) since Zn ^ ^, n). It follows that 2; ^ U„gi!^/3(a;, ^, n), 
contrary to what we proved just above. 

We say that {E, 6) is: 

- weakly homogeneous if cc;(^, n) = mfx£E<-^{x, ^, n) tends to infinity with n; 

- geodesic if any two points of E can be joined by at least one geodesic; 

- transitive if, for any x,y E E, there exists an isometry a such that xcr = y. 

Any geodesic space is weakly homogeneous since u{x,$^,n) = for any 
X, ^, n. Any transitive space is also weakly homogeneous since uj{x, ^, n) does 
not depend on x. In some of our results, we shall suppose that {E, S) is weakly 
homogeneous or geodesic. 

For each finite set S of tiles, each T E £ and each p G N*, we say that 
{S,T) is a p- configuration if Bp{T) = S and if each S G Bp_i{T) is contained 
in the interior of the union of the tiles of Bf{S). Then Bp_i{T) is contained 
in the interior of the union of the tiles of £ and (5*), S) is a /^-configuration 
for each k G {1, and each S G B^_f,{T). 

Lemma 1.1. For each 1- configuration {S,T), there exists ^ G R>o such that 
[Jx(ztI3{x, is contained in the union of the tiles of £. 

Proof. For each n G N*, consider Xn E T such that /9(.x,„, 1/n) is not con- 
tained in the union of the tiles of As T is compact, there exists a subse- 
quence of {xn)nm which converges to a point x E T, and x does not belong 
to the interior of the union of the tiles of E, whence a contradiction. ■ 

Proposition 1.2. Let £^ be a nonempty set of tiles such that the pairs 
(yBf(T),T) for T E S are 1-configurations and fall in finitely many isomor- 
phism classes. Then 

1) E covers E and {5" G £^ | -S" fl P{x, rj) ^ 0} is finite for each x E E and each 

V e M>o; 

2) If {E, S) is weakly homogeneous, then, for each 77 G M>o, there exists r G N* 
such that 6{S, T) < rj implies T G Bf{S) for any S,T E E. 



5 



Proof. By Lemma 1.1, there exists ^ G ]R>o such that Bf(T) covers /3{x,^) 
for each T E £ and each x G T. Consequently, the union of the tiles of £ is 
both open and closed, and £ covers E since E is connected. 

Now suppose that there exist x E E and rj G ]R>o such that {S E £ \ 
S n (3{x,r)) 7^ 0} is infinite. Consider a sequence {yn)nen C f3{x,r]) and a 
sequence of distinct tiles {T^jn^n C £ such that ?/„ G T„ for each n G N. As 
I3{x, rj) is compact, there exists a subsequence of (t/n)nGN which converges to a 
point y G f3{x,ri). For each T E £ such that y eT, i3f(T) contains infinitely 
many T„ since i3f (T) covers /3(a;, ^), whence a contradiction. 

The second part of Proposition 1.2 is true because, for each n G N, each 
S E £ and each x G 5, -6^(5') covers /3{x,u!{^,ri)) and contains 
{TE£\TnP{x,uj{^,n))^0}. m 

For each G N*, we call a p-local rule any set F = {(Ci, Ci), (C^, Cm)} 
of pairwise nonisomorphic p-configurations such that: 

1) forany?,j G {1, m}, if (Bf^(a), Q) < (B?(C,), Q), then Q) ^ 

2) for each i E {l,...,m} and each S E B'{^{Ci), there exists j E {l,...,m} 
such that {B^;_^{S),S) ^ (i3pii(C,),C,). 

If F is a p-local rule, then, for each q E {l,...,p — 1}, any representatives 
of the isomorphism classes of (B^i(Ci), Ci), (,B^'"(C^), C^) form a 5- local 
rule. 

We say that a set £ of tiles satisfies F if, for each T E £, the pair {Bp{T),T) 
is isomorphic to one of the pairs (Cj,Cj). Each tiling satisfies a p-local rule 
for each p G N*. 

We say that a set £ of tiles is a patch if there exist no J^, ^ C such that 
J^UQ = £ and S (IT — for each S E and each T E Q. This property is 
true if and only if, for any S,T E £, there exists r G N such that T G B^{S). 

For each finite set £ of tiles and each connected set A C if ^ is contained 
in the union of the tiles of £, and if each tile of £ contains a point of A, then 
£ is & patch. The union of the tiles of a patch is not necessarily connected if 
the tiles themselves are not connected. 

For each set £ of tiles, we write Ir(^) — ^i<i<m{T E £ \ {Bp{T),T) = 
{Ci, Ci)}. We say that £ is a T -patch if: 

1) for each T e£, there exists i E {1, m} such that {B^{T),T) < {Q, Ci). 

2) Ir(^^) contains a patch A such that £ — UreA^piT). 

For each set £ of tiles which satisfies F, each T E £ and each integer 
k>p, BliT) is a F-patch since Sf_p(r) is connected, Bl_p{T) C Ir(Sf(r)) 
and i3f (T) = VJs^Bi_^(T)Bl{S). 

Now, for each q eW and each g-local rule A = {{Vi,Di), {VniDn)} 
such that each B^li{Di) is fixed by no cr G G — {Id}, we define a finite 
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relational language £a such that the A-patches can be represented by £a- 
structures. As a consequence, we show that any set of tiles which satisfies A 
is a tiling. Practically, in many examples of tilings, each 1- configuration is 
fixed by no (T G G — {Id}, so that we can take A with q = 2. 

For each i e {l,...,n}, we write Vi — {Z^j^i, Z^jp(j)} with Di^i — Di, 
and we introduce a p(i)-ary relational symbol Ri{ui^i, ...,Ui^p(j,)). We write 

£a = {Ri, Rn}- 

For each set S of tiles, we define a C/\- structure on £ as follows: for 1 < 
i < n and Ti, ...,Tp(i) e £, we write Ri{Ti, ...,Tp(i)) if B^{Ti) = {Ti, ...,Tp(j)} 
and if there exists a e G such that AjC" = Tj for 1 < j < For 
i <'i',j <n and 5", S'2, T2, Tj,(j) e E, the relations -Ri(-S', S'2, Sp^i)) 
and Rj(S,T2,...,Tp(^j)) imply i = j and {S'2, S'p(i)} = {T2, Tp(j)}. 

Any set of tiles S satisfies A if and only if, for each T E S, there exist 
1 < i < n and T2,...,Tp(j) G £ such that Ri{T,T2, ...,Tp(^i)). For any A- 
patches E C the £A-structure defined on £^ is the restriction to £ of the 
>CA-structure defined on T. 

The following theorem implies that any A-patch, and in particular any set 
of tiles which satisfies A, is determined up to isomorphism by the associated 
>CA-structure: 

Theorem 1.3. For any A-patches SjJ-' and each £A-homomorphism / : 
S ^ there exists a unique a & G such that Sf — Sa for each S & S. 

Proof. Consider a patch A C Ia(^) such that £ — UTeA^qiT). For each 
T & A, f induces a bijection from B^(T) to B^{Tf), and there exists a unique 
ax & G such that Sgt = Sf for each S G Bg{T). 

It remains to be proved that as = (Tt for any S*, T G As ^ is a patch, 
it suffices to show it for S* n T 7^ 0. Then we have S G Bf{T), and therefore 
Bl_^{S) C B^{T). Consequently, for each U G B^_^{S), we have Uas = Uf 
since U G B^iS), and Uar = Uf since U G B^{T). It follows Uag = Uar for 
each U G Bg_i{S), and therefore as — cft- ' 

Corollary 1.4. For each integer fc, there are finitely many isomorphism 
classes of A-patches consisting of k tiles. 

Proof. This result follows from Theorem 1.3 since there are finitely many 
isomorphism classes of £A-structures consisting of k elements. ■ 

Corollary 1.5. For each finite A-patch £ and each A; G N*, finitely many 
distinct A-patches can be obtained from £ by adding k new tiles. 

Proof. Denote by Q, the set of all A-patches obtained from £ by adding k 
new tiles. By corollary 1.4, it suffices to show that, for each G Jl, there 
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exist finitely many pairs {Q, a) with ^ G and a : J-' ^ Q isomorphism. But 
any such pair is completely determined by the tiles a~^{T) for T & S, since 
no p e G — {Id} fixes the tiles of ■ 

Corollary 1.6. For each keN, {{B^{T),T) | S satisfies A and T e S} is a 
finite union of isomorphism classes. 

Proof. For k < q, this property is true because B^{T) is contained in Bg{T) 
for each set £ of tiles which satisfies A and each T e S. For k > q + 1, it 
follows from Corollary 1.4 since we have a finite bound for the cardinals of 
the A-patches Bf{T) for S satisfying A and T & S. ■ 

Corollary 1.7. Any set of tiles which satisfies A is a tiling. 

Proof. Any such set S covers E by the first part of Proposition 1.2. Moreover, 
for each k eN, (T),T) | T G is a finite union of isomorphism classes 
by Corollary 1.6. ■ 

Remark. The following variant of Example 1 above shows that, in Theorem 
1.3 and its corollaries, it is not enough to suppose that each Vi is fixed by 
no cr G G — {Id}. Consider the coverings E of obtained from the following 
prototiles: 

Tq^ {{x,y) eR"^ \ x>0 and + < 1}, 

Tk = {{x, y) \k'^ <x^ + y'^ <{k + if} for 1 < A; < 2g, 

T2q+i = {{x, y)ER'^\x^ + y^> {2q + 1)^ and sup(|a;| , \y\) < 2q + 2}, 

with some bumps on the diameter of Tq and on the four sides of 72^+1 so that 

To and T25+1 are fixed by no cr G G — {Id}. Then, in each such E, each Bg{T) 

is fixed by no CT G G - {Id}, but the pairs {B^^-^{T),T) for T E £ do not 

generally fall in finitely many isomorphism classes. 

We say that a group H of isometries of E is discrete if, for each x E E, 

there exists 7] E ]R>o such that I3{x,ri) fl {xa \ a E H} = {x}. This property 
is true if and only if (3{y, rj) fl {xa \ a E H} is finite for each r) E M>o and any 
x,y E E. 

Proposition 1.8. For each tiling T which satisfies A, the subgroup H — 
{a E G \ Tcr — T} is discrete. 

Proof. We show that l3{y,r]) n {xa \ a E H} is finite for each 77 G R>o 
and any x,y E E. We consider T E T such that x E T. Any a E H 
such that xa E f3{y,ri) sends T to a tile U such that U fl f3{y,ri) 7^ and 
induces a bijection from Bj{T) to Bj{U) which completely determines a. 
By the first part of Proposition 1.2, T contains finitely many tiles U such 
that U n (3{y,r]) ^ 0. Moreover, for each such [/, there exist finitely many 
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bijections from Bj{T) to Bj{U). Consequently, {a e H \ xa e P{y,ri)} is 
finite. ■ 

Now we fix A e R>o and we state some supplementary conditions on {E, 6) 
and G which imply that each tiling with tiles of radius < A satisfies a local 
rule with the properties stated above. We suppose that {E, S) is geodesic and 
we consider the following properties: 

(CVXA) For each x E E and each rj G ]0, A[, each geodesic which joins two 
points of (3{x, rf) is contained in U^<^/9(a;, C); 
(FIXA) There exists // e R>o such that: 

(FIXA/i) for each a; G i?, no cr G G — {Id} fixes the points of a set A C 
with C Uj/gA/3(y, A). 

In euclidean or hyperbolic spaces of finite dimension, (CVXi/) and (FIXi/) 
are true for each v G R>o. On the other hand, for the surfaces of a sphere 
or a cylinder of infinite length, they are only true for v small enough. We do 
not want to suppose from the beginning that they are true for each v G M>o 
since, for instance, any tiling of which is invariant through a nontrivial 
translation induces a tiling of the surface of a cylinder of infinite length. 

Lemma 1.9. Suppose that {E,5) is geodesic and satisfies (CVXA). Then, 
for each nonempty S G E such that Rad(S') < A, there exists a unique x E E 
such that S{x,y) < Rad(S') for each y E S, and we have xa = x for each 
isometry a such that Sa = S. 

Proof. We only prove the first statement, since the second one is an imme- 
diate consequence. For each w E E, we have snpy^g S{w,y) = svLPy^j^S{w,y) 
where T is the closure of S in E. Consequently, we can suppose S closed, and 
therefore S compact. The subset A — {weE\ sup^^^^. 5{w, y) < A} is closed, 
and therefore compact since it is contained in ^(y. A) for each y E S. Conse- 
quently, there exists x E A such that sup^^g^ y) — vaiy,^A{^'^Vy^s ^i'^iy)) — 
Rad(5). 

Now suppose that there exists x' ^ x in E such that sup^^g^ 5{x' , y) = 
Rad(5'), and consider x" E E such that 6{x,x") = 6{x",x') = 6{x,x')/2. By 
(CVXA), we have S{x",y) < sup{5{x,y),5{x',y)) < Rad(5') for each y E S. 
It follows supy^g S{x" ,y) < Rad(S'), and therefore supy^^g S{x" ,y) = Rad(S'). 
As S is compact, there exists y E S such that 6{x",y) = Rad(S'), which 
contradicts (CVXA) since S{x,y) < Rad(5') and 6{x',y) < Rad(5'). ■ 

Proposition 1.10. Suppose that {E,5) is geodesic and satisfies (CVXA). 
Suppose that (FIXAyu) is true for some fj, E M>o. Let F = {(Ci, Ci), {Cm, Cm)} 
be a 1-local rule defined with tiles of radius < A. Consider ^ G M>o such that, 
for each i E {1, ...,m}, the union of the tiles of Q contains Uxedf^ix,^), and 
p E N* such that > /jl. Then no cr G G — {Id} stabihzes the tiles of a 
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^-configuration (T>, D) which is compatible with F. In particular, Theorem 
1.3 and its corollaries are true for each (p+l)-local rule A which is compatible 
with r. 

Proof. Suppose that some a e G— {Id} stabilizes the tiles of ap-configuration 
{V, D) which is compatible with F. As (£", 8) is geodesic and as each (i3f (T), T) 
with T G B^_^i{D) is isomorphic to some {Ci,Ci), we see by induction on 
< k < p that /3{x, k^) is contained in the union of the tiles of Bf{D). Conse- 
quently, l3{x, jj.) C l3{x,p^) is contained in the union of the tiles of T>. For each 
y e /3{x, jj) and each T eV such that y e T, we have S{y, xt) < Rad(T') < A, 
where Xt is the unique point of E such that S{z, Xt) < Rad(T) for each z eT. 
This contradicts (FIXA//) since xt(7 — xt for each T e 2? by Lemma 1.9. ■ 

2. Local isomorphism and representation of relational structures 
by tilings. 

First we define local isomorphism and the extraction preorder d for tilings 
and relational structures. The definitions for tihngs are classical. We note 
that, by the first part of Proposition 1.2, each subpatch of a tiling is finite if 
and only if it is bounded. 

We say that a tiling T satisfies the local isomorphism property if, for each 
finite subpatch £ of T, there exists /c G N* such that each B^{T) contains a 
copy of S. Then, for each finite subpatch £ of T, there exists p G R>o such 
that each /3{x,p) C E contains a subpatch of T which is isomorphic to £. 
The second part of Proposition 1.2 implies that the converse is true if E is 
weakly homogeneous. 

For any tilings S, T, we write 5 <e T if each finite subpatch of S is 
isomorphic to a subpatch of T. We say that <S and T are locally isomorphic 
if <S d r and r d 5. 

Now we give the definitions and the notations for relational structures, 
which are similar to those in [7, pp. 107, 112, 113]. We consider a finite 
relational language C. 

For each /^-structure M and each u E M,we define inductively the subsets 
Bm{u, h) with Bm{u, 0) = {u} and, for /i G N, 

Bm{u, h + 1) = Bm{u, h) U {■?; G M \ there exist R{xi, .... Xk) G C, Ui, Uk G 

M and 1 < i, j < k such that R{ui, ...,Uk), Ui G Bm{u, h) and Uj = v}. 

We say that M is connected if there exists u E M such that M = [JheviBM{u, h). 

We say that M is locally finite if Bm{u, 1) is finite for each u E M. Then 
Bm{u, h) is finite for any u E M and /i G N. We say that M is uniformly 
locally finite if there exists r G N* such that \Bm{u., 1)| < r for each u E M. 
Then, for each G N, there exists s G N* such that \Bm{u^ h)\ < s for each 
u E M. We say that M satisfies the local isomorphism property if, for any 
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u & M and h eN, there exists k eN such that each Bm{vi k) contains some 
w with {BM{w,h),u)) = [BMiu, h),u). 

For any /^-structures M, N, we write M d iV if , for any u E M and h eN, 

\{veM\ {BMiv,h),v) ^ iBMiu,h),u)}\ < 
\{weN\ {BN{w,h),w) ^ {BM{u,h),u)}\ 

or both sets are infinite. For M, N connected, we have M d iV if and only 
if, for any u E M and /i G N, there exists v e N such that {BM{u,h),u) = 
{Bn{v, h),v). 

We say that M and N are locally isomorphic ii M ^ N and d M. 
By [7, Theorem 2.3], two locally finite £-structures M,N are elementarily 
equivalent if and only if they are locally isomorphic. 

Now we consider again the metric space with bounded closed subsets 
{E,5), the group G of bijective isometries of the integer g, the g- local 
rule A = {(Di, Di), ...,(!)„, D„)} such that each B^li{Di) is fixed by no 
a & G — {Id}, and the language Ca, which were introduced for Theorem 1.3. 
We call a A-tiling any tiling which satisfies A. 

We define a representation of a £A-structure M as a pair {S,f), where 
£^ is a A-patch and / : M — )■ £^ is an isomorphism of £A-structures. By 
Theorem 1.3, the representation is unique up to isomorphism if it exists. 

For each >CA-structure M and each u E M, we define inductively the 
subsets Blf{u) with B^{u) = {u} and, for each heN, 
Bff_^^{u) = Bff{u) U {v e M I there exist 1 < i < n, e M 

and 1 < j,k < p{i) such that i'p(j)), Vj e Bf^{u), — v and 

where the sets A,j are the tiles used for the definition of C^- 

For each set £ of tiles, each T e E and each heN, the ^A-structure 
M defined on £ satisfies B^{T) C Bf^T), and 5f (T) = (T) if £ is a A- 
tiling. The notation Bf^{u) should not be confused with Bm{u, h). For each 
£A-structure M, each u E M and each h eN, we have Bj^' (u) C Bm{u, h) C 
B^^{u), and Bm{u, h) = B2qh{u) if M can be represented by a A-tihng. 

Now we introduce something analogous to the notion of local rule consid- 
ered for tilings. A local rule for a finite relational language C is defined by 
specifying an integer r G N* and a finite sequence of pairs (Mi, Xi), [Mj., Xk) 
with Mi,...,Mk finite /^-structures and Mj = BM,{xi,r) for 1 < i < A;. We 
say that a >C-structure M satisfies that rule if each {Bm{x, r),x) is isomorphic 
to one of the pairs {Mi,Xi). 

Any such rule can be expressed by a first-order sentence. For each s G N*, 
the pairs {Bm{x, s),x) for M satisfying that rule and x E M are finite and fall 
in finitely many isomorphism classes. In particular, any ^-structure which 
satisfies a local rule is uniformly locally finite. 

Theorem 2.1 below implies that there exists a generally infinite set of 
local rules which characterizes, among the connected >CA-structures, those 
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which can be represented by A-tiUngs. The problem of the characterization 
of represcntablc /^A-structurcs by a finite set of local rules will be considered 
with Theorem 2.7 and the examples in Section 4. 

The following property of a £A-structure M is true, in particular, if M 
can be represented by a A-tiling: 

(P) For each u e M, there exist 1 < i < n and U2, ■■■■,Up(^i) e M such that 

Ri(u,U2, 

Theorem 2.1. For each connected ^A-^^tructure M, the following properties 
are equivalent: 

1) M can be represented by a A-tiling; 

2) For each u E M and each r G N*, we have {BM{u,r),u) = {B-t-{T , r) , T) 
for a tile T of a A-tiling T; 

3) M satisfies (P) and, for each u E M and each integer h > q, there exists a 
representation of Bff(u) by a A-patch. 

Proof. The property 1) clearly implies 2). 

Suppose that 2) is true. Consider any element u G AI and any integer 
h > q. Then, for each A-tihng T and each T e T, each isomorphism from 
{Bm{u, h),u) to {B-j-{T, h),T) induces an isomorphism from {B^{u),u) C 
{Bm{u, h),u) to {B]^(T),T). Such an isomorphism gives a representation of 
Bjf{u) since Bj^(T) = Bj^{T) is a A-patch. It also induces an isomorphism 
from {B^{u),u) to {Bj{T),T), which implies that there exist 1 <i <n and 
U2, ...,Up{i) e M such that Ri{u,U2, ...,Up(^i)). 

Now suppose that 3) is true and fix -u G M. For each integer h > q, 
consider a representation {Sh, fh) of B^(u) by a A-patch. For k > h > q, as 
fh'^fk is a homomorphism of ^A-structures, Theorem 1.3 implies that there 
exists a unique ah,k ^ G such that Sfj^^fk = Sah,k for each S E 8h- So we 
can suppose that, for A; > /i > g, we have £h C £k and fh is the restriction of 
fk to B^f (u). Then / = Uh>qfh is a £A-isomorphism from M to (£" = [Jii>qSh- 
As Af satisfies (P), it follows that S satisfies A, and £ is a tiling by Corollary 
1.7. ■ 

Corollary 2.2. For any connected >CA-structures M ^ N, ii N can be 
represented by a A-tihng, then M can also be represented by a A-tiling. 

Similarly to [7], we have: 

Proposition 2.3. 1) Any A-tiling satisfies the local isomorphism property 
as a tiling if and only if it satisfies the local isomorphism property as a Ca- 
structure. 

2) Two A-tilings «S, T satisfy S (resp. are locally isomorphic) as tihngs if 
and only if they satisfy <S (e T (resp. are locally isomorphic) as >CA-structures. 
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Proof. The following facts will be used in the proofs of 1) and 2): 

a) We have Br{T, h) = ^^^(r) = ^^^(T) for each A-tihng T, each T e T 
and each /i G M. 

b) Theorem 1.3 implies that, for any A-tilings 5, T, each S E S, each T G T 
and each integer k > q, the A-patches Bf{S) and B'[{T) are isomorphic as 
sets of tiles if and only if they are isomorphic as ^A-structures. 

c) For any A-tilings S, T, each S E S, each k &N* and each a & G such that 
Bf{S)a C r, we have Bf{S)a = BjiSa). 

d) Each finite subpatch of a A-tiling T is contained in some B'[{T). 

First we prove 1). The facts a), b), c) above imply that T satisfies the 
local isomorphism property as a >CA-structure if and only if, for each h eW 
and each S E T, there exists k E N* such that each B][(T) contains a copy 
of BJ{S). By d), the last property is true if and only if T satisfies the local 
isomorphism property as a tiling. 

Now we prove 2). We only show the first statement, since the second one 
is an immediate consequence. The facts a), b), c) above imply that S and T 
satisfy iS d T as £A-structures if and only if T contains a copy of Bf{S) for 
each h eN* and each S E S. By d), the last property is true if and only if S 
and T satisfy 5 d T as tilings. ■ 

By Theorem 2.1, for each sequence (i?Af,(Mi, r^), = iB^ri{'^i),Ui)ieN 

of pairs taken in £A-structures associated to A-tilings, with < rj for i < j, 
the inductive limit relative to any sequence of isomorphisms 
fi : {BMi{ui,ri),Ui) (5M,+i(Mi+i, r^), Mj+i) C (^Mi+il^i+i, r^+i), M^+i) 
is a pair (M, x) with M a >CA-structure associated to a A-tihng. Using this 
fact, together with Corollary 2.2 and Proposition 2.3, we see that Corollary 
2.4 (resp. 2.5, resp. 2.6) below, in the same way as [7, Corollary 3.5] (resp. 
[7, Corollary 3.6], resp. [7, Corollary 3.7]) is a consequence of [7, Corollary 
3.2] (resp. [7, Proposition 3.3], resp. [7, Proposition 3.4]) and its proof. 

Corollary 2.4. Any A-tiling is minimal for d if and only if it satisfies the 
local isomorphism property. 

Corollary 2.5. For each A-tihng 5, there exists a A-tihng T <^ S which is 
minimal for (e. 

Corollary 2.6. For each A-tihng 5, we have: 

1) If there are finitely many equivalence classes of elements of <S modulo the 
isometries a E G such that Sa — S, then any A-tiling T <S is isomorphic 
to S. 

2) If S is minimal for d, and if there are infinitely many equivalence classes 
of elements of S modulo the isometries a E G such that Sa = S, then there 
exist 2^ pairwise nonisomorphic A-tilings which are locally isomorphic to S. 
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Remark. Corollary 2.6 implies [11, Theorem, p. 356]. In [11], Radin and 

Wolff considered tilings of the euclidean spaces R", and isomorphism was 
defined modulo an arbitrary group of isometries. 

Theorem 2.7 below is analogous to [7, Theorem 5.2]. Here, we suppose 

that {E, S) is weakly homogeneous and that, for any x,y & E and each 
f] G ]R>o, f^{x,d{x,y)) n (3{y,r]) is connected and contains a point z with 
6{x,z) < 6{x,y). 

These conditions are true for each geodesic space which satisfies the prop- 
erties (CVXi/) considered at the end of Section 1. In each R'^, they are also 
true for the distances defined with 

5{{xi, ...,Xk), (yi, ■■■,yk)) = sup(|yi - xi\ , \yk - Xk\) or 
S{{xi, ...,Xk), (z/i, ...,Z/fe)) = \yi + ... + \yk - Xk\). 

On the other hand, the connectedness condition is not true if E is the 
surface of a cylinder of infinite length and if 5 is defined by considering E as 
a quotient of the euclidean space M^. Actually, Theorem 2.7 is not true in 
that case since, for some local rules A, it is possible to find a £A-structure M 
which can only be represented by a tiling of M^, while the substructures {u) 
considered in Theorem 2.7 are small enough to be represented in [E, 5). 

Again, we consider >CA-structures which satisfy the property (P) intro- 
duced for Theorem 2.1. We denote by A the maximum of the diameters of 
the tiles in A, and ^ the largest real number such that, for each i G {1, n}^ 
the union of the tiles of Bf'{Di) contains lJxeDil3{x,^). For each r e N, we 
write uj{i,r) = infa.gEa;(a;, ^, r), as in the definition of weakly homogeneous 
spaces. 

Theorem 2.7. Suppose that {E, 6) is weakly homogeneous and that, for any 
x,y E E and each r] G M>o, /3{x,6{x,y)) fl (3{y,ri) is connected and contains 
a point z with S{x,z) < S{x,y). Define (P), A and ^ as above. Consider 
an integer r > q + 1 such that cu{^,r — g — 1) > (4g + 1)A. Let M be a 
connected /^A-structure which satisfies (P) and such that each B^\u) can be 
represented by a A-patch. Then there exist a A-tiling T and a surjective C^- 
homomorphism if : T ^ M which induces a ^A-isomorphism from Bj{T) to 
Bf{T(p) for each T e T. 

Remark. The pair (T, ^p) satisfies Sip ^ Tip for each S E T and each T G 
BjriS) — {S}, since there exists U eT such that 5, T G Bj{U). 

Remcirk. If [E, 5) is geodesic, we can take any integer r > g'-|-l-|-(4g'-|-l)A/^. 

Remark. It follows that there exists a A-tiling if there exists a ^A-structure 
M which satisfies (P) and such that each B^{u) can be represented by a 
A-patch. 
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Lemma 2.7.1. For each u G M, each representation {S,f) of B^{u) and 
each X e uf, any T e S such that T n l3{x, (4g + 1)A) ^ belongs to Ia(^). 

Proof of Lemma 2.7.1. As M satisfies (P), for each v e B^_^{u), we 
have vf e Ia(^^) and [Jy^vfP{y,0 is contained in the union of the tiles of 
B^{v)f . An induction on k shows that /3(a;, k)) is contained in the union 
of the tiles of B^{u)f for < < r — g. In particular, I3{x, (4g + 1)A) C 
(3{x,u!{^,r — g — 1)) is contained in the union of the tiles of B^_^_^{u)f. 
Consequently, any T e £ such that T fl /3(a;, (4g + 1)A) ^ belongs to 
B^_^{u)f, and therefore belongs to Ia(^)- • 

Proof of Theorem 2.7. Wc consider an element u G M, a representation 
{Q, g) of B^ {u) and a point x E ug. We denote by Q the set of all pairs {S, ip) 
such that: 

a) £ is a finite A-patch, x belongs to a tile of £, any T E £ such that x E T 
belongs to 1a (^^), and (/? is a ^A-homomorphism from S to M; 

b) for each S E S, there exists T G Ia(^^) such that S G B^iT) and T fl 
/3(a;, 7^ 0, where = sup{p G ]R>o | any U E £ such that fl (5{x, p) 7^ 
belongs to Ia(^^)}- 

For each (£, G /3(a;, pg) is covered by the tiles of £: For each y E E 
such that S{x,y) = p^, the second condition on {E,6) implies that y is the 
limit of a sequence {yk)keN C U^<p^/3(a;, (). As 1a (^) is finite, infinitely many 
yk belong to the same T G Ia(^) and T also contains 

On the other hand, there exists y E E with 5{x, y) = pg which belongs to 
some S E £ — 1a{£)- For any sequences {yk)keN C E and {Sk)keN C. £ — lj\{£) 
such that yk E Sk for each A; G N and \imk^+oc ^{yk, f^i^, Ps)) = 0, there 
exists a subsequence of (yfc)fceN which converges to a point y G f3{x,p^). As 
£ — Ia(^^) is finite, infinitely many yk in this subsequence belong to the same 
Sh and Sh also contains y. 

By Lemma 2.7.1, Q contains (£^05 V^o)' where £q is the union of the subsets 
i3j(T) for T G ^ such that T n (4g + 1)A) 0, and (p^ is the restriction 
of g^^ to £^0- We have p^^ > (4g + 1)A. 

For any {£, ip), {J^, ip) E fl, we write {£, ip) < {J-', ip) if £ G J-' and if (p is 
the restriction of ^0 to It suffices to prove the two following claims: 

1. The conclusion of Theorem 2.7 is true if ft contains some strictly in- 
creasing {£i, (Pi)ieN- 

First we observe that, for each i E N, there exists T G lA{£i+i) — fA{£i) 
such that T fl f3{x, p^.) 7^ 0: If Ps^^^ > Ps^, then any T E £i — lA{£i) such that 
Tr\P{x, pgj 7^ belongs to lA{£i+i)- If Ps^^^ = Pso then, for each S E £i+i — 
£i, there exists T E lA{£i+i) such that S E Bq'+\T) and T n P{x,p£.) = 0; 
any such T cannot belong to lA{£i) since Bq'+^{T) - Bf{T) ^ 0. 
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Then wc use the function oj{^, n) in order to prove that p^. tends to infin- 
ity. As {E,6) is weakly homogeneous, uj{^,n) tends to infinity with n. Con- 
sequently, it suffices to show that, for any i,n & N such that p^. > uj{^,n), 
there exists j > i such that p^. > u{^, n + 1). 

For each j > i such that pg. < u{^,n + 1), we consider Tj e lA(^j+i) — 
Ia(^^j) such that Tj n P{x,p£.) ^ 0, and xjj e 7} n P{x,p£.). There exist 
Zj G /3{x, n)) such that 5{yj, Zj) < ^, and Uj G Bf-'iTj) such that Zj G Uj. 
We have Uj G lA(^j) since Zj G f3{x,uj{^,n)) and uj{^,n) < p^^. It follows 
Tj E Si. As Si is finite, there exist at most finitely many such Tj, and therefore 
finitely many integers j > i such that p^^ < u{^,n + 1). 

As p£. tends to infinity, T = ^ief^Si satisfies A, and T is a A-tiling by 
Corollary 1.7. The inductive limit (p of the maps Lp^ is a /^A-homomorphism 
from T to M. In particular, we have B'[{T)(p C Bj^{T(f) for each T and 
each A; G N. 

Now we show that, for each T E T, (fi induces a i2A-isomorphism from 
BJ{T) to B^{T(p); it follows that is surjective since M is connected. 

We consider a representation {H.h) of B^{T(p). As Bj{T) and "H are 
A-patches, Theorem 1.3 implies that there exists a E G such that Sa = Siph 
for each S G Bj(T). As T is a A-tiling and "H is a A-patch, a induces an 
isomorphism from Bl{U) to B'^iUa) for each [/ G Bj_^{T) C I^{Bj{T)). 
Consequently, we have Bj{T)a = Bf{Ta) = Bl^{Tph) = B^{T(p)h = n. 
It follows that a induces an isomorphism from Bj{T) to 1-L and </? induces a 
>CA-isomorphism from Bj{T) to B^^ {Tip). 

2. For eac/i (£^,V5) G Vt, there exists (J^jip) > {S,p) in Q. 

We consider y E E with 6{x, y) = p^ which belongs to some S G S — Ia{S), 
and T G Ia(^) such that y e T. There exist a representation of B^{T(p), 
and therefore a A-patch S' and a >CA-isomorphism p' from S' to B^^{Tp). 
We have C B^{T(p) since T belongs to Ia(^), and B^{Tp)p'-^ C 

By' (Tipip'~^) since is a £A-isomorphism. The map Bg{T) — )■ B^ {Tpp'^^) : 

— 7> Upp''^ is a ^A-homomorphism. As B^{T) and B^' (T(p(p'~^) are A- 
patches. Theorem 1.3 implies that there exists a E G such that ^/cr = U(pip'~^ 
for each U E B^ (T) . So we can suppose for the remainder of the proof that 
B^{T) C S' and = Ucp' for each [/ G B^{T). 

We denote by J-" the union of S and the subsets B^' (U) for U E S' such 
that y E U. We consider the map : T ^ M with Uip — Uip for U E S and 
t/V^ = [/(^' for t/ G - 

First we prove that, for each U E we have Bg{U) C f and F'?/' = Vp> 
for each T/ G B^{U), or (C/) C S' and T/^ = ^V^' for each V E B^{U). 

If [/ n ^(y, = 0, then the tiles in B^{U) cannot belong to - S 
since they contain no point in /3{y,qX). Consequently, we have B^iU) C S 
and Vip = V(p for each V E B^{U). 
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If f/ n f3{y, 2q\) ^ 0, then wc prove that B^{U) C S' and = V^' 
for each V E B^{U). For each V G B^{U), we have V n /3(i/,3gA) 7^ 0. 
So it suffices to show that each V E £ with V fl 3gA) 7^ satisfies 

e and = V(p'. We consider W e IaI^ ) such that V G -B^(H^) and 
Wr\f3{x, Ps) 7^ 0. As Wn^iy, AqX) 7^ 0, the properties V e £' and \^<^ = Vip' 
follow from Lemma 2.7.2 below. 

Consequently, ip is a /^A-homomorphism and, for each U E there exists 
i G {l,...,n} such that {B^{U),U) < (T>i,Di). Moreover, the definition 
of {J-',ip) implies that, for each V E J^, there exists U E Ia{£) such that 
V E B^g{U) and U D I3{x,ps) 7^ 0, or [/ G Ia(^') such that V E Bf (U) 
and y E U; in both cases, we have U E Ia(-^), U fl /3{x,pg) ^ and V E 
B^{U). Consequently, is a finite A-patch and satisfies the conditions of 
the definition oi Q. ■ 

Lemma 2.7.2. For each W E Ia{£) such that W n /3{x,p£) 7^ and n 
P{y, 4gA) 7^ 0, we have B^{W) C S' and Xcp = Xcp' for each X E B^{W). 

Proof of Lemma 2.7.2. We fix 2; G Vl^ n l3{x, pg). We have z E /3{y, (4g + 
1)A). The set A = p^^) H i3{y, (4^ + 1)A) is connected and contained in 
the union of the tiles of 1a (^^)- Consequently, ^ = {X G 1a(^^) | X n A 7^ 0} 
is connected. Moreover, T and W belong to A since y and z belong to A. 

We are going to prove that, for each X G ^, we have B^{X) C S' and 
Z(p — Z(p' for each Z E Bg{X). As this property is true for X = T, it suffices 
to show that, if it is true for some X E A, then it is true for any Y E A such 

that X n y 7^ 0. 

We have Y E Bf{X), and therefore C £' and Z(p = Z(p' for 

each Z E B^_i{Y). Moreover, by Lemma 2.7.1, we have Y E 1a(^') since 
Yr\/3{y, (4g + 1)A) 7^ 0, and therefore B^' {Y)ip' = B^{Yip') = B^{Yip) since 
ip' is a £A-isomorphism from S' to B^{Tip). We also have B^{Y)ip C Bf{Yip) 
since Y E Ia{S)- Consequently, •p>'p>'~^ is defined on -B^ (F) and stabilizes the 
elements of B\_^{Y). It follows B\{Y) = fif (F) and Zip = Zip' for each 
ZEBl{Y). ■ 

For each relational language £, each ^-structure M and each subgroup H 
of Aut(M), we define the ^-structure MjH&s follows: The elements of M/ H 
are the classes xH for x E M. For R{ui, ...,Uk) E C and Xi, ...,Xk E M/H, 
we write R{xi, Xk) if there exist some representatives yi, ...,yk of xi, ...,Xk 
in M such that R{yi, ■■■,yk)- 

For each i E {1, A;} and each representative y^ of Xi in M, there ex- 
ist some representatives yi, yj+i, of Xi, Xj^i, Xj+i, a;^ in M 
such that -R(yi, ...,yk)- The canonical surjection from M to M/H is a homo- 
morphism. If if is normal in Aut(M), then any automorphism of M induces 
an automorphism of M/H. 
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In Proposition 2.8 below, we do not use the supplementary hypotheses 
on (E,d) which were introduced for Theorem 2.7. For each A-tiling T and 
each subgroup H of G such that Ta G T — Bj^iT) for each T E T and each 
a E H, we denote by T/H the tiling oi E/H induced by T. The canonical 
surjection tt : T — > T/H is a >CA-homomorphism. Proposition 2.8 implies 
that, in Theorem 2.7, the ^A-strueture M is isomorphic to a quotient of a 
A-tihng. 

Proposition 2.8. Consider a A-tihng T, a >CA-structure M and a surjective 
/^A-homomorphism ip : T ^ M which induces a ^A-isomorphism from Bj{T) 
to B^^{Tip) for each T E T. Then ip induces a £A-isoniorphism from 1~/H 
to M, where H = {a E G \ Ta = T and Taip = Tip for each T e T}. 

Proof. First we show that ip induces a bijective homomorphism from T/H 
to M. For any S,T E T such that Sip = Tip, as ip induces some C^- 
isomorphisms from Bj{S) and Bj(T) to B^{Sip) = B^{Tip), Theorem 1.3 
implies that there exists a unique as,T £ G such that Sas,T — T and Uip — 
Uas,TV for each U e Bj{S). For any S,T e T such that Sip = Tip and for 
each U € Bj{S), we have (jg^T = (j[/^y where V = Uas,T, since cts^t and cr^/^y 
coincide on Bj_^{S). Consequently, for any S,T E T such that Sip — Tip, we 
have T(Js,T = T and Uip = U (Ts,t^ for each U E T. 

It remains to be proved that, for each R{wi, Wk) E Ca and any T, ...,Tk E 
T such that M satisfies R(Tiip, ...,Tkip), there exist Ui E TiH, Uk E TkH 
such that T satisfies R{Ui, ...,Uk)- As ip induces a ^A-isoKiorphism from 
BliTi) to B^iTiip), there exist U2, t/fc e i3^(Ti) such that i?(Ti, ?72, Uk) 
and = T2(/3, Uk^ = Tkip. We have U2 E T2H, Uk E TkH according 
to the first part of the proof. ■ 

3. Periodicity, invariance through a translation. 

In the present section, we consider a finite relational language C We 
generalize to uniformly locally finite /^-structures the notions of periodicity 
and invariance through a nontrivial translation, which are usually considered 
for tilings of the euclidean spaces M". In particular, we obtain generalizations 
for tihngs of noneuclidean spaces. The notions of mathematical logic used for 
Proposition 3.1 and Corollary 3.2 are defined, for instance, in [5]. 

Proposition 3.1. Consider a formula 9{u,v) in C and two elementarily 
equivalent ^-structures M, N with M connected locally finite. Suppose that 
there exist an element x E M such that {y E M \ 9{x,y)} is finite, and an 
automorphism g of N such that 6{y, yg) for each y E N . Then there exists an 
automorphism f of M such that 0{y,yf) for each y E M. Moreover, for each 
r E N, if {y E N \ yg = y} contains no ball Bn{z, r), then we can choose / in 
such a way that {y & M \ yf — y} contains no ball Bm{z, r). 



18 



Proof. Fix X G M such that {y G M | 9{x^y)} is finite. For each A; e N, as 
Bm{x, k) is finite, the following property of a /^-structure P can be expressed 

by one sentence: 

For each y E P such that {Bp{y, k),y) = {BM{x,k),x), there exist an ele- 
ment z & P and an isomorphism / : {Bp{y, k),y) — )■ {Bp{z, k), z) such that 
9{u,uf) for each u e Bp{y,k) (respectively 9{u,uf) for each u e Bp{y,k) 
and {v e Bp{y, k) \ vf = v} contains no ball Bp{u, r) for u G Bp{y, k — r)). 

Suppose that there exists an automorphism g of N such that 9{y,yg) 
for each y & N (respectively 9{y,yg) for each y E N and {y E N \ yg = y} 
contains no ball Bn(z, r)). Then the sentence considered above is true in N, 
and therefore true in M. 

For each /c G N, consider the nonempty set consisting of the pairs {y, f) 
with y E M and / : {BM{x,k),x) — )■ {BM{y,k),y) isomorphism such that 
9{u,uf) for each u G BM{x,k) (respectively 9{u,uf) for each u G BM{x,k) 
and {t; G Bm{x, k) \ vf = v} contains no ball Bm{u, r) for u G Bm{x, k — r)). 
Then each is finite since M is locally finite and {y E M \ 9{x,y)} is finite. 
Moreover, for < A; < Z, each pair (z, g^) G Ai gives by restriction a pair 

{yJ)eA,. 

Consequently, by Konig's lemma, there exists a sequence (t/^, fk)km G 
rifcgp^Afe with fk restriction of for < A; < L The inductive limit of 
such a sequence gives an automorphism of M which satisfies the required 
properties. ■ 

By [7, Theorem 2.3], two locally finite £-structures are elementarily equiv- 
alent if and only if they are locally isomorphic. Moreover, for any r, s G N*, 
there exists a formula 9r,s{u,v) which expresses the property v G BN{u,r) in 
each /^-structure N such that \BN{x,r)\ < s for each x E N. Consequently, 
we have: 

Corollary 3.2. Consider two locally isomorphic uniformly locally finite re- 
structures M, N which M connected. Let r G N* and s G N. Suppose that 
there exists an automorphism g of N such that yg G Bj^{y^ r) for each y E N, 
and such that {y E N \ yg = y} contains no ball B^i^z, s). Then, there exists 
an automorphism f of M such that yf G Buiy, r) for each y G M, and such 
that {y E M \ yf — y} contains no ball Bm{z, s). 

Remark. In particular, for each r G N*, if has an automorphism g 
without fixed point such that yg G Bi^{y,r) for each y E N, then M has 
an automorphism / without fixed point such that yf E BM{y,r) for each 
y E M. 

Now we consider the metric space {E, 6), the group G of isometrics of E 
and the set A defined in Section 1. For each A-tihng T and each a EG such 
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that Ta = T, we say that a is a translation of T if there exists r G N* such 
that Ta G Bj{T) for each T e T. The set Trans(r) of all translations of T 
is a subgroup of G. 

Any a & G such that Tc = T is a translation of T if and only if there 
exists s e N* such that Ta e Br{T,s) for each T e T. Moreover, for 
each T E T, there exists no cr G G — {Id} such that Sa = S for each S G 
B-y{T,1) — Bjq{T). Consequently, the result below follows from Corollary 
3.2: 

Corollary 3.3. For any locally isomorphic A-tihngs <S, T, we have Trans(<S) = 
{Id} if and only if Trans(r) = {Id}. 

For each A-tiling T and each a G Trans(T), sup^^^ 6{x,xa) is finite. 
Conversely, if {E, S) is weakly homogeneous, then the second part of Propo- 
sition 1.2 implies that any a E G such that To" = T belongs to Trans(T) if 
snp^^^ 6{x,xa) is finite. For each k G N*, if E is the set M*^ equipped with 
a distance defined from a norm, then we have a G Trans (T) if and only if a 
is a translation in the usual sense, since any surjective isometry of E is affine 
in that case by [2, Th. 14.1]. 

The following result generalizes well known properties of the translations 
in the euclidean spaces M'^'. Here, we use the conditions (CVXi/) and (FIXz/) 
introduced at the end of Section 1. 

Theorem 3.4. Let T be a A-tiling. Then, for each a G Trans(r) - {Id}, 

there exist x,y E E such that S{x,xa) = mf^^E S{z, za) and S{y,y(T) = 
sup^g^ ^(-2, -20"). Moreover, if {E,S) is geodesic and satisfies (CVXz/) and 
(FIXi/) for each u G M>o, then Trans(T) is torsion-free abelian and each 
a G Trans (T) — {Id} has no fixed point. 

Proof. We fix (7 G Trans(T) — {Id}, we write a = mfzeE^i^, z<j) and we 
show that there exists x E E such that 5{x,xa) = a. It can be proved in a 
similar way that there exists y E E such that S{y, ya) = sup^g^; 6{z, za). 

We consider r eW such that Ta E Bj{T) for each T eT. For each T E 
T, a induces a bijection ar '■ Bj{T) — )■ Bj{Ta). The triples (i5j^^(T), T, ctt^) 
foT T E T fall in finitely many isomorphism classes. Consequently, there exist 
two sequences {xk)keN C E and {Tk)ken C T with Xk E T^ for each k E N 
such that limS{xk,Xka) — a and such that all the triples {Bj^^{Tk),Tk,aTf,) 
are isomorphic. 

For each /c G N, we consider Tk E G which induces an isomorphism 
from (i3j^^(To),To,aT„) to {Bj'^^(Tk),Tk,aTj- We have a = TkaT~;:^ for each 
/c G N since Ta = Tax^ = TrkaT^r^"^ = TTkar'j.^ for each T G B^{Tq). 
Consequently, the elements yk = XkT^^ E Tq satisfy S{yk,yka) = d{xk,Xka), 
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and therefore lim 5{yk, UkO') — a. As Tq is compact, it follows that there exists 
X G To such that 5{x^xa) = a. 

Now suppose that (E, 6) is geodesic and satisfies (CVXz/) and (FIXz/) for 
each u G M>o. Consider a G Trans(T) and s G N — {0, 1} such that cr* = Id. 
Then, for each x & E, we have A^a — for A^ — {x,xa, ...,xa^~^}; by 
Lemma 1.9, there exists a unique & E such that S{wx,z) < Rad{Ax) for 
each z G A^; it follows w^cr = w^. The properties (FIXz/) imply o" = Id since 
6{x,Wx) < Kad{Ax) < {s/2) sup^^^ 6{z, za) for each x E E. 

Now consider any a G Trans (T) with a fixed point x. Then, for each 
y e E, there exists s G N* such that ya^ = y, since Trans(T) is discrete by 
Proposition 1.8 and the elements ya^ for /c G Z all belong to /3{x,S{x,y)). 
Consider Cf] E M>o such that no r G G — {Id} fixes the points of a set A C 
with I3{y,ri) C UzeAf3{z,C) for some y E E, and choose a finite set A with 
that property. Then there exists s G N* such that za'^ = z for each z E A, 
which implies — Id and cr = Id. 

It remains to be proved that any o", r G Trans(T) commute. It suffices to 
show that a commutes with for some r G Z*, since {a~^TaY — a~^T^a — Id 
implies a~^Ta = Id. 

We iix X E E and we consider a G M>o such that 6{y,ya) < a for each 
y E E. For each r G Z, we have 5{x,xa~^T~'^aT'^) < 2a since 5{x,xa~^) < a 
and 5{xa~^,xa~^T~^aT^) — 5{xa^^T^^ , xa~^T~'^a) < a. 

As Trans (T) is discrete, it follows that there exist r 7^ s in Z such that 
x(T~^T~^aT^ = xa~^T~^crT'^ . We have (t~^t~^(tt^ = (T~^T~'^aT^ since the 
elements of Trans (7^ have no fixed point. It follows T~^aT^ = r'^ar'^ and 

Now we generalize the notion of periodicity to connected /^-structures. 
We say that such a structure M is periodic if it contains a finite set A such 
that M = U^eAut(M)^o-- 

Proposition 3.5. Let M, N be locally isomorphic locally finite connected 
^-structures. If N is periodic then M is isomorphic to N. 

Proof. We fix w G M. As A^" is periodic and connected, there exist z E N 

and r E N such that A^ = Ucr£Ant{N)BN{z,r)a. For each s G N, as M 
and A^ are locally isomorphic, there exists Xs E N such that {Bm^w, s),w) = 
{Bis[{xs, s),Xs), and therefore ys E Bm{z, r) such that {Bm{w, s),w) = {B^iys, s),ys)- 
We consider the nonempty set Ag consisting of the isomorphisms 9 : {Bm{w, s),w) — >■ 
(Sjv(?/,s),y) with y E BN{z,r). 

The sets As are finite since A^ is locally finite. Moreover, for any s < t, 
the restriction of each G to {Bm{w,s),w) belongs to Ag. Consequently, 
by Konig's Lemma, there exists a strictly increasing sequence {9s)sen with 
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Og G A^. for each s G N. The inductive hmit is an isomorphism : (M, w) — )■ 
{N,y) with t/ e BN{z,r). ■ 

We call a period of a >C-structure M any set A C M such that M is the 
disjoint union of the sets Aa for a G Aut(M). If M is periodic and if it has 
some periods, then all of them have the same finite number of elements. We 
call it the periodicity rank of M. 

For each ^-structure M, we say that A G M is weakly connected if, for 
each subset B with C B C A, there exist A; G N — {0, 1} and R{ui, Uk) G 
C which is satisfied by some (xi, Xk) £ M'' with {xi, Xk} f] B and 

{Xl,...,Xk}n{A- B) 0. 

Proposition 3.6. Any connected /^-structure M has a weakly connected 
period if the nontrivial automorphisms of M have no fixed point. 

Proof. We show that M = U„izAut{M)Aa for each A G M which is maximal 
for the conjunction of the two properties: A weakly connected and AnAa = 
for each a G Aut(M) - {Id}. 

Otherwise, as M is connected, there exist A; G N — {0, 1}, (xi, Xk) £ M'^ 
which satisfies some R{ui, ...,Uk) G C and I < i,j < k such that Xi G 
^aeAut{M)A(7 and Xj E M — UaeAutiM)Aa. We consider r G Aut(M) such 
that XiT G A. Then B = A U {xjt} is weakly connected since {xiT, ...jX^t) 
satisfies R. As XjT is not a fixed point of a nontrivial automorphism of 
M and does not belong to ^aeAut{M)Aa, we have Ba f] B — ior each 
a G Aut(M) — {Id}, contrary to the maximality of A. ■ 

Now we introduce some supplementary conditions which will be used for 
the investigation of periodic ^-structures. 

We say that a £-structure M is equational (cf. [7, Section 4]) if R{xi, ...,Xk), 
R{yi, ■■■,yk) and Xi = yi imply Xj = yj for each k G N*, each R{ui, Uk) G C, 
any {xi, ...,Xk), (z/i, ...,yk) e M'' and any ij G {1, A;}. 

Any equational >C-structure is uniformly locally finite. If it is connected, 
then its nontrivial automorphisms have no fixed point. 

For each equational ^-structure M, each k G N— {0, 1}, each R{ui, ...,Uk) G 
C, any i,j G {1, A;} such that i ^ j and any x,y E M, we write x{R, i,j) = 
y if there exists {zi,...,Zk) G M'' which satisfies R with Zi X and Zj =y. 

For each n G N, each word w — {Ri, ii, ji)...{Rn, in,jn) and any x,y E M, 
we write xw — y ii there exist zq, ...,Zn G M such that zo — x, Zn — y and 
Zm-i{Rm,im, jm) — Zm ioT 1 < m < Ti. We denote by ftc the set of all such 
words. 

For any equational /^-structures M, N, each x E M and each r G N*, we 
call a partial isomorphism from Bm{x, r) to iV any injective map p such that, 
for each k G N*, each ...,Uk) G £, any i,,; G {1, A;} and any y,z E 
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BM{x,r), y{R,i,j) exists if and only if yp{R,i,j) exists and y{R,i,j) — z ii 
and only if yp{R,i,j) = zp. 

If p is a partial isomorphism from Bm{x, r) to N, then p is an isomorphism 
from {BM{x,r),x) to {Bisf{xp,r),xp) and p^^ is a partial isomorphism from 
Bis[{xp,r) to M. Any isomorphism (7 : {BM{x,r + l),x) — )■ {BN{xa,r + l),xa) 
gives by restriction a partial isomorphism from BM{x,r) to N. 

We say that an equational /^-structure M is commutative if, for each 
x E M and each r G N*, each partial isomorphism p : Bm{x, r) ^ M satisfies 
ypa = yap for each automorphism cr of M and each y G BM{x,r) such that 
ya G BM{x,r). 

We say that M is strongly commutative if we have xvw — xwv for each 

a; G M and any v,w E flc such that xvw and xwv exist. Any strongly com- 
mutative connected equational /^-structure is commutative since, for x, y, p, a 
defined as above, there exist v,w eVLc such that the equalities yp = yv and 
ya — yw are respectively true in M and in Bm{x, r), which implies ypa = yvw 
and yap — ywv. 

We say that a class S of equational £-structures is strongly regular (cf. 
[7, Section 4]) if xw = x and yw = y are equivalent for any M, N E S, each 
X G M, each y E N and each w E flc such that xw and exist. 

Equationality, strong commutativity and strong regularity are local prop- 
erties. They are preserved by local isomorphism. 

Proposition 3.7. Let M be a connected equational commutative ^-structure. 
If M is periodic of rank r G N*, then, for each x e M and each integer s > r, 
each partial isomorphism from Bm{x, s) to M can be extended into a unique 
automorphism of M. 

Proof. The extension is necessarily unique since the nontrivial automor- 
phisms of an equational >C-structure have no fixed point. It remains to be 
proved that it exists. 

By Proposition 3.6, M has a weakly connected period A with \A\ = r. 
Replacing A by its image through an appropriate automorphism of M, we 
reduce the proof to the case x E A. Then A is contained in Bm{x, r — 1). 

For each partial isomorphism p : Bm{xis) M, we define a map p : 
M — 7- M as follows: for each y G M, as the nontrivial automorphisms of M 
have no fixed point, there exists a unique a G Aut(M) such that ya G A; we 
write yp = yapa^^. For each y G Bm{x,s), we have yp = yp because the 
commutativity of M implies ypa — yap. We observe that p~^ is defined in 
the same way from the partial isomorphism p"^ : Bm{xp,s) — >■ M and the 
weakly connected period Ap. Consequently, p is bijective and, by reason of 
symmetry, it suffices to show that p is a homomorphism. 

For each k G N*, each R{ui, ...,Uk) G C and each {xi, ...,Xk) G which 
satisfies R, we consider ai,...,ak G Aut(M) such that xiai, ...,Xkak belong 
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to A. Then xicri, x^Uk belong to Bm{x, r — 1) and X2(7i, ...jX^ai belong to 

BM{x,r) since {xi<Ti,X2(Ti, ....Xkcri) satisfies R. 

We have x{p = Xiaipai^. For 2 < i < A;, we have Xip = Xiaipa~^ = 
{xiai){ai^ai)p{ai^ai)~^a^^ . As XjUi and {xiai){ai^ai) = Xiai belong to 
BM{x,r), the commutativity of M implies 
{xiai){a^^ai)p = {xiai)p{ai'^ai), and therefore 

Xip= {Xiai){a^^ai)p{a];^ai)-^a^^ = (a;iOri)p(o-J'V,)(o-f V^)" ^ = Xiaipa^^. 

Moreover, Xiaip,X2crip, ...jXkCTip are all defined since Xiai,X20'i, ...,XkCri 
belong to BM{x,r). Consequently, {xiaip,X2crip, ...,Xk<yip) satisfies R like 
{xiai,X2ai, ...,Xkai) and 

{xip, X2P, Xkp) — {xiaipa^^, X2(Tipai^, Xkcripa^^) also satisfies R. ■ 

Lemma 3.8. Let M, N be equational ^-structures with N connected, com- 
mutative and periodic of rank r E W. For each x E M and each integer 
s > r, if there exists a partial isomorphism from Bm{x, s -|- 1) to N, then 
each partial isomorphism from Bm{x, s) to N can be extended into a partial 
isomorphism from Bm{x, s -|- 1) to A^. 

Proof. Let us consider a partial isomorphism p : Bm{x, s) — > A" and a partial 
isomorphism a : Bm{x, s + 1) N. Then p~^a is a partial isomorphism from 
Bn{xp, s) to A^ which can be extended into a unique automorphism 6 of N 
by Proposition 3.7, and a9~^ is a partial isomorphism from Bm{x,s + 1) to 
A^ which extends p. ■ 

Lemma 3.9. Let M, N be equational £-structures with {M, A"} strongly 

regular. Then, for each ,x G M and each r G N*, each partial isomorphism 
p : Bm{x, r) ^ N can be extended into a partial isomorphism from BM{x,r + 
1) to A" if, for each y G BM{x,r), there exists a partial isomorphism Py : 
BuivA)^ N such that ypy = yp. 

Proof. We define a map a : Bm^x^t + 1) ^ A^ as follows: for each z G 
Bm{x, r + 1), we consider y G Bm{x, r) such that z G Buiy-i 1) and we write 
za — zpy. 

For any ,21,-22 ^ Bm^x^t + 1) and any 1/1,1/2 G Bm^x^t) such that Zi G 
BM{yiA) and Z2 G 5M(y2,l), there exist t^, (i?i, ii, ji), (i?2, ^2, 72) e Vtc 
such that the equalities yiv = 1/2, yi{Ri,ii,ji) = Zi and 2/2(-R2, '«2,i2) = 2^2 
are respectively true in the connected ^-structures BMix,r), Sm(z/i, 1) and 
-BM(y2,l)- We have Z2 = Ziw for w = (Ri,ji,ii)v{R2,i2,j2)- We also 
have 2;2Py2 = ZiPy^w since the equalities 2;iP2^^(i?i, ji, ii) = yiPy^ = yip, 
yipv = y2P = y2Py2 and |/2Pj/2(-R2,«2, J2) = Z2Py^ are respectively true in 
BNivipy^, 1), BN{xp,r) and BN{y2py.,, !)• 

By strong regularity, the equalities 2:2 = -2i-u; and 2:2^^2 ~ z\py^w imply 
that -21 p = -22p„2 if and only if -2i = -22- Consequently, a is injective and the 
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definition of za given above does not depend on the choice of the element 
y G BMix,r) such that z G BM{yA)- It follows that za = zp for each 
z e Bm{x, r) and za = zpy for each y G Bm{x, r) and each z G BM^y, !)• For 
each z G Bm{x, r + 1) and each (i?, G fi/;, the element za{R, exists if 
and only if z{R,i,j) exists, because, for each y G Buixjv), zpy{R,i,j) exists 
if and only if z{R,i,j) exists. 

Now let us consider again yi,y2, Zi, Z2,w as above. For cach{R,i, j) such 
that Zi{R,i,j) exists, or equivalently such that Zia{R,i, j) exists, we have 
zi{R,i, j)w' = Z2 and zia{R,i, j)w' = Z2a for w' = {R,j,i)w. Strong regular- 
ity implies that zi{R,i,j) = Z2 if and only if zia{R,i,j) = Z2a. ■ 

Theorem 3.10. Let M, be connected periodic /^-structures of ranks r,s > 
1 with N commutative and {M, A^} strongly regular. Then, for each x G M, 
each partial isomorphism from Bm^x^t + s) to N can be extended into an 
isomorphism from M to N. 

Proof. Otherwise, there exist an integer t > r + s and a partial isomorphism 
p : BM{x,t) N which cannot be extended into a partial isomorphism from 
BM{x,t -\- 1) to N. By lemma 3.9, there exists y G Buix^t) — BM{x,t — 1) 
such that no partial isomorphism a : Bpiiy, I) ^ N satisfies ya = yp. 

For each k G {0, r}, we consider zj. G Bm{x, t — s — k) — Bm{x, t — s — 
k — 1) such that y G BM{zk- s + k). The restriction of p to BM{zk, s + k) 
cannot be extended into a partial isomorphism from BM{zk, s + k + 1) to N. 

As M is periodic of rank r, there exist two integers < ki < k2 < r 
and an isomorphism a : {M,Zk^) — )■ {M,Zk2)- Then ap^^ ^ partial isomor- 
phism from i?jvf(-2fcii s + ^2) to N. By Lemma 3.8, it follows that p^^ can be 
extended into a partial isomorphism from BM{zki,s + k2) to N, whence a 
contradiction. ■ 

Theorem 3.11. For each set E of local rules for C, if the connected C- 
structures satisfying E are periodic, equational and commutative, and if their 
class S is strongly regular, then £ is a finite union of isomorphism classes. 

Proof. Otherwise, it follows from Theorem 3.10 that there exists a se- 
quence (A^i)jeN of periodic /^-structures with strictly increasing periodicity 
ranks which satisfy E. For each q G N*, the pairs {BN.{y,q),y) for i G N 
and y E Ni fall in finitely many isomorphism classes. Konig's lemma ap- 
phed to the isomorphism classes of pairs (5jVi(y, y) for 5 G N*, i > g 
and y E Ni implies that there exist two strictly increasing sequences of in- 
tegers (/c(i))igN and (gi)ieN, and a sequence (yi)ieN £ XienNk{i) such that 
iBNk^i-,{yi,qi),yi) = {BN,^^^{yj,qi),yj) for i < j. 

Consequently, there exist a sequence (Mi)jgN of periodic /^-structures with 
strictly increasing periodicity ranks which satisfy E and a sequence {xi)i^^ G 
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Xi^jqMi such that (_BAf^(:rj, i), x,;) = {Bm {xj,i),Xj) for i < j. The inductive 
hmit of the pairs {BM,ixi,i),Xi) for these isomorphisms, which are unique 
and compatible because of equationahty, is a pair (M, x) with M satisfying 
S and X e M. We denote by r the periodicity rank of M and, for each i e N, 
Tj the periodicity rank of M,. 

For each i > r, wc have > r. Consequently, Mj is not isomorphic 
to M. As {BM,{^-i- i)--TCi) and {BM{x,i),x) are isomorphic, there exist an 
integer Sj > i — 1 and a partial isomorphism : BMi{xi,Si) — > M which 
cannot be extended into a partial isomorphism from BMi{xi, Si + 1) to M. By 
Lemma 3.9, there exists i/i e BMi{xi, si) — BMi{xi, Si — 1) such that no partial 
isomorphism a : BMiiUi, 1) — >■ M satisfies yjO" = i/ip^. 

For any integers i > r and 1 < s < Sj, we consider G BMi{xi, Sj — s) 
such that t/i G BMXzi,s,s). Then 5M,(|/i,2s) contains 5M,(-2j,s, s). 

It follows from Konig's Lemma applied to the pairs {BMXUii'^^ + 
for i > r and 1 < s < that there exist two strictly increasing sequences of 
integers {k{i))i^^ and (ii)ieN; with k{i) > r and ti < Sk(i) for each i e N, such 
that {BMf,^i^{yk{i),'2ti + l),|/fc(i)) = (5Mfey)(|/fe(i),2ti + l),?/fcO)) for i < j. We 
denote by (A^,|/) the inductive limit of the pairs {BM^i^,-,{yk(i),'2ti + l),yk{i)) 
relative to these isomorphisms, which are unique and compatible because of 
equationahty. The £-structure A'' is periodic because it satisfies E. We denote 
by t the periodicity rank of N. 

For each i e N, we have y e B]\f{zi, ti) where Zi is the image of Zk(i)^ti in N. 
Moreover p^j-j-, induces a partial isomorphism CTj : Bi\i{zi,ti) — )> M such that 
no partial isomorphism r : Bisi{y, 1) ^ M satisfies yr = yai. For i > r + t — 1, 
this property contradicts Theorem 3.10 since we have ti>r-\-t. ■ 

Now we consider again the metric space [E. 8)^ the group G of isometrics 
of E and the set A defined in Section 1. We say that a A-tiling T is periodic 
if there exists a finite subset £ oi T such that T is the union of the subsets 
Ea for (T e G such that Tcr — T. By Theorem 1.3, this property is true if 
and only if the /^A-structurc associated to T is periodic. 

For each A; G N*, if {E, 6) is the space equipped with a distance defined 
from a norm and if G consists of the translations of E, then our notion of 
periodicity coincides with the classical one. Consequently, the following result 
generafizes [1, Th. 3.8] which was proved for tilings of by square tiles: 

Theorem 3.12. If {E,d) is geodesic and satisfies (CVXA) where A is the 
maximum of the radii of the tiles, if G is commutative and if the elements of 
G — {Id} have no fixed point, then each class of periodic A-tihngs defined by 
local rules is a finite union of isomorphism classes. 

Lemma 3.12.1. The i2A-structures associated to A-tilings are equational, 
strongly commutative, and form a strongly regular class. 
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Proof of Lemma 3.12.1. If some a E G stabilizes a tile, then a = ld since 
a has a fixed point by Lemma 1.9. Consequently, Theorem 1.3 implies that 
the £A-structures associated to A-tilings are equational. Moreover, for any 
A-tilings S,T, each {R,i,j) G flc, each S E S and each T e T, if S{R,i,j) 
and T{R,i,j) exist, then there exists a unique a e G such that Sa — T 
and it satisfies S{R,i,j)a = T{R,i,j). By induction, it follows that, for each 
w G each S E S and each T G T, if Sw and Tw exist, then there exists 
a unique a E G such that Sa = T and Swa — Tw. In particular, we have 
Sw = 5* if and only if Tw = T. 

For each A-tiling T, each T E T and any v,w E flc such that Tvw and 
Twv exist, consider a,r E G such that T^; = Ta, Twv — Two, Tw — Tt and 
Tvw — TvT. Then we have Tvw — Tar — Tra — Twv since ar — ra. ■ 

Proof of Theorem 3.12. By Lemma 3.12.1, the >CA-structures associated 
to A-tilings are equational, commutative, and form a strongly regular class. 
If a class C of A-tilings is defined by local rules, then, by Theorem 2.1, 
the same property is true for the class K consisting of the associated C^- 
structures. The structures in K are periodic if the tilings in C are periodic. 
Then Theorem 3.11 implies that K, and therefore C, is a finite union of 
isomorphism classes. ■ 

4. Local isomorphism, rigidness and aperiodicity. 

We say that a tiling or a relational structure is rigid if it has no nontrivial 
automorphism. In the present section, we are interested in characterizing 
tilings, and more generally relational structures, which are locally isomorphic 
to rigid ones. Theorem 4.1 (respectively Corollary 4.2) gives a characteriza- 
tion for relational structures (respectively tilings) which are uniformly locally 
finite and satisfy the local isomorphism property. Corollary 4.3 gives a sim- 
pler characterization concerning tilings of the euclidean spaces M"', where 
isomorphism is defined modulo a group of isometrics. 

In [7], we considered tilings of the euclidean spaces M", and isomorphism 
was defined up to translation. In that case, [7, Proposition 2.4] implies that 
the relational structure M associated to a tiling is rigid if and only if the 
tiling is not invariant through any nontrivial translation. If a connected 
structure is locally isomorphic to M, then N is associated to another tiling 
by [7, Corollary 5.4]. Moreover, according to [7, Proposition 5.1], the tilings 
associated to M and N are invariant through the same translations of R". It 
follows that is rigid if and only if M is rigid. 

Examples 1, 2, 3, which are given after Corollary 4.3, imply that the last 
property is no longer true if we consider isomorphism modulo an arbitrary 
group of isometrics of an euclidean space M", or tilings of a noneuclidean 
space. Similarly, Example 4 illustrates Theorem 4.1 for relational structures 
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which are not associated to tiUngs. Examples 5 and 6 are given in order to 
show the importance of each hypothesis in Theorem 4.1. 

Theorem 4.1. Let £ be a finite relational language and let M be a uniformly 
locally finite >C-structure which satisfies the local isomorphism property. Then 
M is locally isomorphic to a connected rigid /^-structure if and only if, for 
each r G N*, there exists x & M such that {M,y) = (M, z) implies y = 2; for 
y,z e BM{x,r). 

Proof. By Konig's lemma, the following properties are equivalent for locally 

finite /^-structures: 

(P) There exist r e N* and, for each x & N, y ^ z in B]sf{x,r) such that 
iN,y) = {N,z). 

(Q) There exist r e N* and, for each x e N and each s E'N, y ^ z in Bn{x, r) 
such that {BN(y,s),y) = {Bn{z,s),z). 

Any ^-structure which is locally isomorphic to M is uniformly locally 
finite like M. If M satisfies (P), and therefore satisfies (Q), then satisfies 
(Q) since it locally isomorphic to M, and therefore satisfies (P). Consequently, 
N is not rigid. 

Now, let us suppose that M does not satisfy (P). First we show that 
there exist a sequence {xn)nef>s in M and two strictly increasing sequences 
('^n)nGN and {snjnen such that, for each n G N, {BM{xn,rn + Sn),a;„) = 
{BM{xn+i,rn + Sn),Xn+i) and BM{xn,rn) Contains no elements y ^ z with 
{Buiy-i Sn),y) — {Bm{z, Sn), z). We write ro = so = and we take for xo any 
element of M. 

For each n G N, supposing that a;„,r„,s„ are already defined, we define 
Xn+i,i^n+i, Sn+i as follows: As M satisfies the local isomorphism property, 
there exists r G N such that each Bm{x, r) contains some y with {BM{y, Tn + 
^n),y) — {BM{xn,rn + s„),a;„); we take r > r„. As M does not satisfy (Q), 
there exist x G M and s G N* such that Bm{x, 2r) contains no elements y ^ z 
with {BMiy, s),y) = {Bpfiz, s), z). We take for Xn+i any u G BM{x,r) such 
that {BM{u,rn + Sn),u) = {BM{xn,rn + Sn),Xn). Then BM{xn+i,r) contains 
no elements y ^ z with {BM{y, s),y) = {Bm{z, s), z). We take r^+i = r and 
= sup(s„ + l,s). 

We consider the inductive limit {N,x) of the pairs {BM{xn,rn + Sn),Xn) 
relative to some isomorphisms 

• {BuiXm + Sn), X^) — > (-Bm(^?i+1) "^n + Sn)j Xn+l) 

C {BM{Xn+l,rn+l + Sn+l), Xn+l). 

As M satisfies the local isomorphism property, N is locally isomorphic to M. 

For n G N and y ^ z in BN{x,rn), we have {BN{y,Sn),y) ^ {BN{z,Sn),z) 
since Bj^{y, Sn) and B]^{z, s„) are contained in Bn{x, Vn + Sn) and {Bn{x, rn + 
Sn),x) is isomorphic to {Bm{ Xni ~l~ ^n)i Xn)- 
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For each nontrivial automorphism 9 of A^. there exist n G N and y ^ z in 
BN{x,rn) such that y9 — z. We have {BN{y, Sn),y) = {Bn{z, Sn), z), whence 
a contradiction. ■ 

Prom now on, we consider the metric space {E, S), the group G and the 
set A defined in Section 1. As a consequence of Theorem 4.1, we have: 

Corollary 4.2. Let T be a A-tihng which satisfies the local isomorphism 
property. Then T is locally isomorphic to a rigid A-tiling if and only if, for 
each r G N*, there exists T G T such that no cr G G — {Id} with Tcr — T 
satisfies Ta G B'^iT). 

Remcirk. If (E, 5) is weakly homogeneous, then Corollary 4.2 and Proposi- 
tion 1.2 imply that T is locally isomorphic to a rigid A-tiling if and only if, 
for each a G ]R>o, there exists x & E such that no cr G G — {Id} with Tcr — T 
satisfies 5{x,xa) < a. 

Proof of Corollary 4.2. It follows from Theorem 1.3, Corollary 2.2 and 
Proposition 2.3 that T is locally isomorphic to a rigid A-tiling if and only 
if the associated Z^A-structure is locally isomorphic to a connected rigid Ca- 
structure, and therefore, by Theorem 4.1, if and only if, for each r G N*, there 
exists T G r such that (T, U) ^ (T, V) implies C/ = F for any U,V e Bj{T). 

Now we show that this property is true if and only if, for each r G N* , there 
exists T G T such that no cr G G — {Id} with Tcr = T satisfies Ta G Bj{T). 
For each T ^ T, each r G N* and each a & G — {Id} such that Tcr = T, if 
there exist U V in Bj{T) such that Ua = V, then we have Ta G B'l^{T). 
Conversely, if r > 2g for the integer q of Section 1 and if Ta G Bj{T), then 
we obtain U ^ V in Bj{T) such that Ua — V as follows: we write U = T 
and V = Ta if Ta ^ T; otherwise, we consider any U G Bj{T) such that 
Ua ^U, and we write V = Ua. ■ 

Corollary 4.3. Let n > 1 be an integer and let T be a tiling of the euclidean 
space M" which satisfies the local isomorphism property. Then T is locally 
isomorphic to a rigid tiling if and only if it is not invariant through a nontrivial 
translation. 

Proof. By the remark after Corollary 4.2, it suffices to show that, if T is not 
invariant through a nontrivial translation, then, for each a G M>o, there exists 
X G M" such that ||a;/i — a;|| > a for each nontrivial isometry h of which 
stabihzes T. This result follows from Theorem 4.4 below since the isometries 
of R" which stabilize T form a discrete group by Proposition 1.8. ■ 

Theorem 4.4. Let n > 1 be an integer and let if be a discrete group of 
isometries of the euchdean space R". Then H contains no translation if and 
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only if, for each ot e K>o, there exists x e R'* such that — x|| > a for 
each he H - {Id}. 

Proof. The "if part is clear. For the "only if part, we proceed by induction 
on n. We denote by E„ the group of all isometrics of M". For any X,Y <zW^, 
we write 5{X, Y) = inf ^^x,yeY \\y - x\\. _ 

For each / G E„, we consider the linear map / associated to /, the 
largest affine subspace Wf of M" with Wff = Wf such that / acts on Wf 
as a translation, and the element e R" such that xf — x + Wf ior each 
X e Wf. We have Wf ^ {x eW^ \ \\xf - x\\ minimal}. 

If Vf is the vector subspace of orthogonal to Wf and maximal for 
that property, then the restriction of / to Vf is an orthogonal transformation 
without nontrivial fixed point. Consequently, for each a G M>o, there exists 
/3 G R>o such that, for each x G R", 5{x, Wf) > (3 implies \\xf — x\\ > a. 

It follows from a theorem of Bieberbach (see [9, Theorem 1, p. 15]) that 
H has a normal subgroup N with N abelian and H/N finite. As N is finitely 
generated, the same properties remain true if we replace by N"^ = {K'' \ h & 
N} for an integer r > 2. Consequently, we can suppose for the remainder of 
the proof that is torsion-free. Then we have w/ 7^ for each / G — {Id} 
since N is discrete hke H. 

We observe that Wfg = Wf for any f,gEEn which commute, and in 
particular for f,gEN: We have (Wfg)f = (Wff)g = Wfg and 
{zg)f - {yg)f = {zf)g - {yf)g = {zf - yf)g = {z - y)g = zg-yg 
for any y,z e Wf. It follows that / stabihzes Wfg and acts on Wfg as a 
translation, which implies Wfg — Wf. 

We consider W = H/gArW/. In order to prove that W is nonempty, it 
suffices to show that, for each r G N* and any fi,...,fr+i G N, if Wr = 
Wf-^ n ... n Wf^ is nonempty, then Wr+i = Wf^ fl ... fl W/^+i is nonempty. But 
we have W^fr+i = W^ since Wfjr+i = Wf^ for 1 < i < r; it follows that W^+i 
is the largest affine subspace V of Wr with V f^+i — V such that /r+i acts on 
V as a. translation. 

Now we show that Wh = W for each h & H. For each f E N, we have 
W{hfh-^) = W since hfh-^ G iV, and therefore Whf = W{hfh-^)h = Wh. 
Moreover, for each f & N and any y,z E W, we have 
zhf - yhf ^_z{hfh-')h - y{hfh-')h = [z{hfh-^) - y{hfh-')]h 

= {z — y)h = zh — yh 
since hfh^^ G N. It follows that each f E N stabilizes Wh and acts on Wh 
as a translation, which implies Wh = W. 

Now we fix a G R>o and we prove that there exists a; G R" such that 
— xll > a for each h E H — {Id}. We consider the set Q of all affine 
subspaces of R" which are orthogonal to W and maximal for that property. 
For each U eVL and each h E H, we have Uh eVL since Wh — W. 
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First we show that {g E H \ 5{U,Ug) < a} is finite for each f/ G 17. As 
each h & N is acting on ly as a translation of vector Wh, we have 6{V, Vh) = 
\\wh\\ for V E fl and h E N, and Wgh = Wg + Wh for g,h E N. We write 
7 = inf/igjv-{id} {{"^hW- We have 7 7^ since is discrete and torsion-free. We 
consider r e N* such that > 2a. For each [/ e Q, each g E H such that 
5{U, Ug) < a and each h E N — {Id}, the inequahty S{Ug, UghJ') — \\whr\\ = 
^ \\Wh\\ > T7 > 2a imphes 5{U^ Ugh^) > a. As A^*" has finite index in TV and 
therefore in H, it follows that {g E H \ 6{U, Ug) < a} is finite. 

Now we consider K = {h E H \ xh — x E W for each x E M"} and, for 
each h E K, the restriction hw olhtoW. For each x e R", we denote by xw 
the projection of x on W. Then — {hw \ h E K} is, hke K, a discrete 
group of isometrics without nontrivial translation, since xh — x = Xy/h — Xw 
for each h E K and each x E M". The induction hypothesis applied to W 
and Kw implies that there exists x E W such that \\xhw — x\\ > a for each 
hEK- {Id}. 

We consider the unique U E O. such that x E U. We have 5{U,Uh) — 
\\xhy/ — x\\ > a for each hEK — {Id}. For each h E H — K, wc have 
UnWh^U and Sh = {y E U \ \\yh - y\\ < a} is contained in A + {Un Wh) 
for a bounded subset A of U since there exists /3 E M>o such that, for each 
X E M", S{x, Wh) > /3 implies \\xh — x\\ > a. As Sh is empty for each h E H 
such that S{U,Uh) > a, there exist finitely many nonempty subsets Sh, and 
their union cannot cover U. M 

Now, we illustrate Corollary 4.2 and Corollary 4.3 with three examples 
related to aperiodicity. Several different definitions have been given for that 
notion (sec [4, p. 4]). 

We consider the system A defined in Section 1 and the set C of all A-tilings 
which satisfy a set fl of local rules, each of them saying which configurations 
of some given size can appear in a tiling belonging to C. According to [12, p. 
208] , we say that Q is strong if the A-tihngs in C satisfy the local isomorphism 
property and if they are not invariant through any nontrivial translation. We 
use the classical definition of translation for the euclidean spaces R", and the 
definition given in Section 3 for the general case. 

Here we do not suppose fl finite. One reason is that some natural sets of 
tilings are defined by strong infinite sets of local rules (for instance we showed 
this property in [8] for the set of all complete folding sequences, and for the 
set of all coverings of the plane by complete folding curves which satisfy the 
local isomorphism property). Another reason is that, for each A-tiling T 
which satisfies the local isomorphism property, the set of all A-tilings which 
are locally isomorphic to T is defined by a set of local rules which can be 
finite as in Examples 2 and 3, or infinite as in Example 1. 

By Corollary 4.3, any tiling of an euclidean space of finite dimension which 
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satisfies a strong set of local rules is locally isomorphic to a rigid tiling if and 
only if it is not invariant through a nontrivial translation. We do not know 
presently if this result can be generalized with the notion of translation that 
we consider. 

In Examples 1 and 3 below, the group G consists of all isometries of E; 
in Example 2 we only consider positive isometries of M^. In each example, all 
the structures are uniformly locally finite and satisfy the local isomorphism 
property. On the other hand, they do not satisfy (P). Some of them are 
rigid and others have nontrivial automorphisms, but all of them are locally 
isomorphic. 

Example 1. For each r G M — Q and each s € M, we consider the line L(r, s) 
of equation y = rx + s. We write 

0(r,s) = {(a,6) e ZxZ | L(r, s) n ([a- 1/2, a+ l/2[x [6- 1/2, 6+ 1/2[) ^ 0}. 
For each a & 1^, {a} x Z contains n + 1 or n + 2 points of Q(r, s), where n 
is the integral part of |r|. Wc colour the point a in white if {a} x Z contains 
n + 1 points of r2(r, s) and in black otherwise. We consider the tiling T(r, s) 
of the euclidean space M which consists of the segments [a, a + 1] for a e Z 
with their endpoints coloured in white or black as above. 

For each r e R — Q, the tilings T(r, s) are locally isomorphic and each 
of them satisfies the local isomorphism property. They do not satisfy (P) 
since they are not invariant through any nontrivial translation. They are 
invariant through a unique symmetry if there exist a, 6 € Z such that (a, h) or 
(a + 1/2, 6) or (a, 6 + 1/2) belongs to L(r, s), and rigid otherwise. The three 
possibihties above are respectively reahzed for s e Z + rZ, s e r/2 + Z + rZ, 
s e 1/2 + Z + rZ. 

Example 2. Let (£", 5) be the euchdean space and let G consist of 
the positive isometries. Let T be a tiling of which satisfies the local 
isomorphism property. Suppose that the group of isometries which leave 
T globally invariant is generated by a "screwing motion" a, which is the 
composition of a translation with a rotation about an axis parallel to the 
translation. If the angle of the rotation belongs to ttQ, then some nontrivial 
power of (T is a translation, and T satisfies (P). Otherwise, T does not satisfy 
(P), and Theorem 4.1 implies that T is locally isomorphic to a rigid tiling. 
According to [12, Section 7.2, pp. 208-213], examples of that situation have 
been given by Danzer for tilings obtained from 1 prototile (the examples with 
n odd must be considered). 

Example 3. In 1979, R. Penrose gave his famous example (see [3]) of two 
polygonal prototilcs, the "arrow" and the "kite", which define an aperiodic 
class of tilings of the euclidean space M^. There exist 2"^ Penrose tilings. All of 
them are locally isomorphic and each of them satisfies the local isomorphism 
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property. The Robinson tilings (see [10]) have the same properties, but they 
are constructed from a larger set of prototilcs. Penrose asked if there exist 
classes of tilings of defined from a single prototile which have these prop- 
erties. The question is apparently still open for tilings with non-overlapping 
tiles (see [6]). 

In the hyperbolic plane, it is not difficult to construct such an example. 
Here, we use the representation of the hyperbolic plane by the Poincare half- 
plane M X ]R>o. 

Figure 1 illustrates the construction of the tilings in our example, which 
is a particular case of those given in [6] . We denote by Q the set of all tilings 
constructed in that way. For any S,T e fi, each S e S and each T e T, 
there exists a unique a & G such that Sa — T, because of the arrows on the 
edges of the tiles. 

For each T E fl and each T E TjWe consider (?7„(T))„gN where Uq{T) = T 
and, for each n eN, Un+i{T) is the tile just above Un{T). For each n e N*, we 
write an{T) = if Un{T) is at the left of C/„_i(r), and a„(r) = 1 otherwise. 

For any iS, T G fl, each S E S and each T e T, we have {S, S) = 
{T,T) if and only if (a„(S'))„gN* = (fln(7'))neN*- For each r G N*, we have 
{Bf{S),S) ^ {BJ{T),T) if and only if (ai(5), a,(5)) = (ai(r), a,(r)). 

For any S,T E Vt, each S E S, each T e T and each r e N*, there exists 
S' e r such that T = Ur{S') and {ai{S'), ...,ar{S')) = {ai{S), ...,ar{S)), 
which implies S' G Sj'(T) and {Bf{S),S) ^ {Bj{S'),S'). Consequently any 
tiling in Q satisfies the local isomorphism property, and any two such tilings 
are locally isomorphic. 

For each T G and any 5", T G T, there exist i, j G N such that Ui{S) = 
Uj{T); forn > we have an{S) — a„+fc(T') where k — j — i. Consequently, 
each T G n only realizes countably many sequences (a„)n6N* G {0, 1}^*. As 
each such sequence is realized by a tiling T G ^2, it follows that Q is the union 
of 2'^ isomorphism classes. This property is a particular case of Corollary 2.6 
above. 

Now we show that, for each T G which is not rigid and each T G T, 
there exists k G N* such that an{T) = an+k{T) for n large enough: We 
consider a G G — {Id} such that To" = T and i,j G N such that Ui{T) = 
Uj{Ta). We have i j because Ui{T) = UiiTa) = Ui{T)a would imply 
(7 = Id. For k = j — i, we have UniT) = Un+kiTa) for n > i, and therefore 
a„(r) = an+k{Ta) = a„+fe(r) forn > i -Fl. 

Conversely, for each T E and each TgT, if/ = {/cGZ,| a„(T) = 
0"n+k{T) for n large enough} contains a nonzero element, then / is the ideal of 
Z generated by the smallest /i G N* which belongs to /. For each r G N such 
that ttniT) = an+h{T) for n > r, the isometry which sends UriT) to Ur+h{T) 
generates {cr G G | Tcr — T}. 
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RemEirk. In Example 3, similar to the case of Pemose tilings or Robinson 
tilings, the class of A-tilings that we consider is defined by a local rule which 
describes the possible configurations of the immediate neighbours of a tile. 
In the case of Penrose tilings or Robinson tilings (see [7, p. 125]), it follows 
that there exists a local rule expressed by one sentence which characterizes 
among the connected >CA-structures those which are associated to A-tilings, 
because no such tiling is invariant through an infinite group of isometrics. On 
the other hand, in Example 3, no such rule exists since any local rule satisfied 
by the i2A-structures associated to A-tilings is also satisfied by some of their 
quotients. 

The following example generalizes the argument of Example 3, even though 
the relational structures that we consider are not represented by tihngs: 

Example 4. We write C = {Pi, .... P^} where Pi, ...,Pk are unary functional 
symbols, and we consider the nonempty /^-structures M which satisfy the 
following properties: 

1) For each x G M, there exists one and only one pair {i,y) with 1 <i < k 
and y E M such that yPi = x; 

2) xPi-^...Pi^ = X implies r = for r G N, 1 < ii, ...,ir < k and x G M. 
Each connected such structure induces a directed tree where the pairs {x, y) 
of consecutive vertices are characterized by the existence of a unique i G 
{1, k} such that xPi = y; each vertex is the origin of k edges. 

In order to apply the results of the present paper, it is convenient to 
consider Pi, as binary relations. Similarly to Example 3, the nonempty 
^-structures which satisfy 1) and 2) are locally isomorphic, and each of them 
satisfies the local isomorphism property. In fact, for any such structures 
M,N, each x G M, each y E N and each r G N*, we have {BMix,r),x) = 
{BM{z,r), z) for z = yPi^...Pi^ where ii,...,ir are the elements of {!,..., A;} 
such that xP~^ ...P~^ exists. 

Now, for each nonempty connected i2-structure M which satisfies 1), 2) 
and each x G M, we consider the sequence (v(a^))reN G {l)---)^}^ such 
that xP~^^y..P~^^^ exists for each r G N. Similarly to Example 3, M has 
a nontrivial automorphism if and only if there exists an integer k such that 
ir{x) = ir+k{x) for r large enough. In that case, the group of automorphisms 
of M is infinite cyclic. 

By Theorem 4.1, it follows that the nonempty ^-structures which satisfy 
1) and 2) are rigid. 

The last two examples are not related to tilings. They are given in order 
to illustrate the importance of each hypothesis in Theorem 4.1. 

Example 5. The Cayley graph of a group G relative to a generating family 
{xi)i^i is the relational structure M defined on G as follows: for i G / and 
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y,z & G, we write Ri{y, z) if and only if 2 = yxj. The structure M is uniformly 
locally finite if / is finite. The automorphisms of M are the maps y ^ gy 
for g E G. For any y,z E M, we have (M, ?/) = (M, since there exists 
g E G such that ^^i/ = z. In particular, M satisfies the local isomorphism 
property and M is not locally isomorphic to a rigid structure. If G is freely 
generated by the elements Xi, then M is not invariant through any nontrivial 
translation since, for each g E G and each r e N, there exists x E M such 
that gx ^ Bm^x^t). 

Example 6. Here, the language C consists of one binary relational symbol. 
The /^-structure M shown by Figure 2 is uniformly locally finite, but it does 
not satisfy the local isomorphism property. The only automorphisms of M 
are the maps Xi^j ^i+fcj for A; e Z. Consequently, M does not satisfy 
the characterization of Theorem 4.1. Anyway, each connected ^-structure 
locally isomorphic to M is isomorphic to M, and therefore not rigid. 
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